Nine variations of the concept of domination in a simple graph are identified as fundamental domination concepts, and a unified approach is introduced for studying them. For each variation, the minimum cardinality of a subset of dominating elements is the corresponding fundamental domination number.
of the connected components of G.
We introduce a unified approach to studying these fundamental dominations based on the fact that, in each domination variation, two sets are used -the set consisting of the dominating elements, and the set consisting of the elements that need to be dominated. For each fundamental domination the minimum cardinality among all dominating sets is the corresponding fundamental domination number. We observe, in Theorem 1, that for each nontrivial connected graph at most five of these nine numbers can be different. Inequalities concerning each pair of these five numbers are considered in Theorems 2 and 3.
Finally, we show how these fundamental dominations may be interpreted in terms of the total graph T (G) of G, defined by the second author in 1965.
We argue that the very first domination concept, defined by O. Ore in 1962 and under a different name by C. Berge in 1958, deserves to be called the most fundamental of graph dominations.
The fundamental domination numbers
By an element of a graph G = (V, E) we mean a member of the set V ∪ E.
Two different elements of G are said to be associated if they are adjacent
is associated with an element of A. The minimum cardinality of such subsets A is denoted by γ U,W (G). For historical reasons, we replace γ V,V (G), γ E,E (G), and γ V ∪E,V ∪E (G) by γ(G), γ (G), and γ (G), respectively. We call the following nine parameters the fundamental domination numbers of G:
In each case, a dominating subset whose cardinality equals the fundamental domination number is called a fundamental dominating subset of G.
Various equalities and inequalities related to these fundamental numbers are summarized in Theorems 1, 2, and 3 of Section 2. See Figure 2 which actually reflects the statements of these three theorems.
The line graph L(G) of a nonempty graph G = (V, E) is the graph whose vertex set is in one-to-one correspondence with the elements of the set E such that two vertices of L(G) are adjacent if and only if they correspond to two adjacent edge of G. The total graph T (G) of G is the graph whose vertex set is in one-to-one correspondence with the set V ∪ E of elements of G such that two vertices of T (G) are adjacent if and only if they correspond to two adjacent or incident elements of G, see [4, 6] . Figure 1 shows a graph G, its line graph L(G) and its total graph T (G). It is clear that G and L(G) are disjoint induced subgraphs of T (G).
In Section 3, we elaborate on the fact that each graph domination variation can be presented in the context of a special subset A of V (T (G)) dominating an appropriate subset B of V (T (G)). This observation suggests that the phrase "the most fundamental of graph dominations" might appropriately be attached to the vertex-vertex domination related to γ.
Notions and notations not defined here can be found in texts such as M.
Behzad, et al [6] , and D. B. West [14].
General Equalities and Inequalities
Each of the nine fundamental domination numbers has its own applications, and must be considered separately. However, for each graph under consideration the following equalities hold.
Theorem 1 For each nontrivial connected graph G we have:
Proof. The equalities (1), and (2) follow from the definitions of the line graph and the total graph of G, respectively. To prove the last four equalities, first we observe that, by definition, the parameter on the left of each equation in less than or equal to the parameter on the right.
The same is true for the
Next, we prove that γ E,V (G) ≤ γ E,V ∪E (G). Subsets such as A of the set E that dominates V do not necessarily dominates V ∪ E. Ordinarily, subsets of bigger size are needed to dominate both V and E. Thus by definitions
To complete the proofs of the equalities (3)- (6) it suffices to prove the validity of each converse inequality. As an example, for (3) we show that
For each e = uv ∈ A ∩ E eliminate e from A and, if necessary, add to the remaining subset one of u or v to produce a set
Next, we prove that
A, and if necessary, add to the remaining subset an edge incident with v to produce a set A ⊆ E dominating E. Such an edge exists, since G has no isolated vertices. Thus, as before,
, and (4) is established.
. We claim that A dominates E as well. Let e = uv ∈ E\A. Since A dominates V , there exists an edge e ∈ A such that e and u are incident, that is to say u ∈ e . Then e and e are adjacent. Thus A dominates V ∪ E.
Finally, in a similar manner, we prove that
Since G is connected and nontrivial, there exists at least one edge e = uv incident with v, and since A dominates E, one of the vertices u, v must lie in A. Since v / ∈ A, u must be in A. Hence A dominates
Based on Theorem 1, the values of the nine fundamental numbers are essentially reduced to five:
, and γ .
Next, we introduce a digraph D with node set N = {γ, γ , γ , γ V,E , γ E,V }, and arc set
See Figure 2 . In this figure the two arcs (γ, γ ), and (γ , γ) are represented by the straight line joining the two nodes γ and γ along with two arrows in opposite directions. This situation will be denoted by γ ↔ γ , or by γ ↔ γ.
The two arcs (γ V,E , γ E,V ) and (γ E,V , γ V,E ) are represented in the same way.
However, for each of the remaining eight arcs (x, y) in A such that (y, x) / ∈ A, the arc (x, y) is represented by a straight line joining the two nodes x and y along with one arrow from x to y. This situation will be denoted by x → y.
Theorem 2 Let x and y be two different nodes of the digraph D of Figure 2 .
If (x, y) is an arc of D and (y, x) is not an arc of D, then for every nontrivial connected graph G, the inequality x(G) ≥ y(G) holds.
Proof. The equalities stated in Theorem 1 are depicted in Figure 2 . In the light of these equalities, it suffices to show that the following eight inequalities are valid:
Proofs of the validity of each of the first four inequalities are similar.
"Having more freedom to choose the required dominating sets" is the key phrase. Note that in both sides of each of these inequalities the same set needs to be dominated; however, each dominating set of the parameter on the left is necessarily a dominating set of the parameter on the right too. As
Similar arguments prove the last four inequalities. For each inequality, the dominating sets of the two parameters which appear on either side are subsets of the same set; however, for the parameter on the right the set which needs to be dominated is a subset of the same set for the parameter on the left. As an example, (7) holds since γ = γ E,E , E = E, and
In the sequel, we will refer to the following special classes of graphs, along with some of their specified domination numbers. We will then use these considerations in Theorem 3 to explain the significance of the two "double arcs"
x ↔ y in Figure 2 .
Example 1. For a complete graph, K n , of order n, n ≥ 2, one can readily see that:
Example 2. It is easy to observe that for the complete bipartite graph
Example 3. Next we introduce a new class of graphs, R 3n , n ∈ N, called ridged graphs. Let:
, where
The graph R 18 is shown in Figure 3 .
Figure 3 The ridged graph R 18
By an easy induction on n one can prove that:
γ(R 3n ) = n; and γ (R 3n ) = n 2 . Proof. The digraph D contains two double arcs of the form x ↔ y: namely γ ↔ γ, and γ V,E ↔ γ E,V . Hence, for a given r we must provide four graphs
To present G 1 , let n = 2r + 4, and G 1 = K n . As specified in Example 1,
For G 2 , let n = 4r, and G 2 = R 3n . Then Example 3 indicates that:
To provide G 3 , as for G 1 , let n = 2r +4, and G 3 = K n . Then, by Example
Finally let n = r + 2, and G 4 = K 1,n . Then, Example 2 implies that:
The total graph T (G) of a nonempty graph G = (V, E) was defined in Section 1. It has two vertex disjoint subgraphs G * and L * such that G * and L * are, respectively, isomorphic to G and to the line graph L(G). See Figure 1 , and for a characterization of total graphs see [5] .
Each graph domination concept can be presented in the context of a special subset A of the vertex set V ∪ E of T (G) dominating an appropriate subset B of V ∪ E. For the nine Fundamental domination variations these special subsets A and B are specified below:
, and γ (G);
, and γ V ∪E,E (G); by Berge [7] , deserves to be referred to as the most fundamental of graph dominations.
Concluding Remarks
1. In this paper we have attempted to categorize domination concepts into nine categories. For a nontrivial connected graph G = (V, E), if we use V for the set of vertices, and E for the set of edges of G,then the nine categories might be referred to as dominations in: Since the graph T (G) has order n + m, and its minimum degree is 2δ, we have γ (G) ≤ 1 − δ + (n + m)/2. Hence Theorems 1, and 2 imply that for a nontrivial connected graph G we have:
